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ABSTRACT: When spaces with greater than 20 pitch classes are considered, the problem of
generating equivalence classes (set classes) with respect to operations like transposition and
inversion becomes increasingly difficult. The brute force approach of enumerating all possible
pitch class sets and ignoring those that fal into already selected set classes becomes computationally
intractable. Some improvements can be made using Read[s Orderly Algorithm, and the essential
features are seen to be the binary coding of pitch class sets and an augmentation operation. A
further refined algorithm is described that makes use of a stack technique to directly generate,
straight to atext file, all equivalence class representatives of given cardinality within any pitch
class universe. This supports the mathematical and compositional exploration of much larger
pitch class spaces than hitherto.
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[1] Introduction

[1.1] A program for generating equivalence classes (set classes) of pitch class setsis an essential
tool to support music theory mathematical research, with concomitant repercussionsin
compositional exploration. For example, aresearcher might wish to investigate possible chord
types with respect to transposition and inversion in a 24 pitch class space with aview to some
mathematically interesting property; an analyst might be working on classifying harmonic
content in IvesCTThree Quartertone Pieces for Two Pianos (1903[23); a composer might wish to
explore some novel pitch combinations with respect to that space. Unfortunately, as the number
of pitch classes increases, a combinatorial explosion occurs in the number of classes which must
be catalogued. The naive approach to finding set classesis an exhaustive search, whereby one
generates al possible pitch class sets, adding a set to the list of representatives only whereitis
not equivalent to a set earlier on the list. Each passed candidate can then be placed in a [prime
formQlas a suitable representative. This nalre approach becomes too slow for practical purposes
for spaces not much larger than the aforementioned quartertone space. This article provides an
algorithm that should give more efficient access to equivalence classes, making the construction
of complete lists of set classes computationally tractable for much larger spaces.

[1.2] The terminology of music theory mathematics herein shall follow Fripertinger(s excellent
foundation [2] but with some service to the standard pitch class analytic terms of Forte [1] for
those less versed in combinatorics. As terms are introduced, | will try to illustrate them with a
Fortean example. To Fripertinger the n-scale Z, provides the pitch material, which to the music
theorist raised on Forte just means the set of integer pitch classes{0, 1, ..., n 01}. Therefore,
the standard music theoretic world of 12 pitch classes uses pitch materia from the 12-scale Z;, or
{0, 1,...,11}. Pitch class sets are constructed in the usual manner, as some collection of pitch
classes without duplication, and the pc set [1, 2, 5, 7] is taken as an example for this paragraph
(pc set is Fortels shorthand for pitch class set). Fripertinger(s k-chords are pitch class sets of
cardinality k, so our example pc set is of course a4-chord. What are conventionally referred to as
et classes are collections of pitch class setswhich can al beinterrelated by some musically relevant
operations, conventionally transposition and inversion. The set classistagged by arepresentative pc
set from which all other members of the class can be generated by the operationsin question. Our
tame pc set isin the set class (with respect to transposition and inversion) which has representative
[0, 1, 4, 6], named 4-Z15 in the Fortelist [1, p. 179], and our pc set may be recovered from this
representative after transposition up by a semitone. In more mathematical language, set classes are
equivalence classes (orbits) under the action of some group operations which define equivalence.

[1.3] The equivaence classes of k-chords under some group action are the set classes whose
representatives have cardinality k. If a set class has arepresentative pc set of cardindity k (ak-
chord), it shall be referred to as a k-set.! Asaset class, 4Z-15 is a4-set. Pitch class spaces of
pitch class sets on n pitch classes are termed n-spaces, or Z, for convenience. It istrusted that this
informal notation for the space, which overlaps with the pitch materials definition, will not be
confusing and that context will make such usages clear.?

! David Lewin introduced these objects as M-sets[3], referring to the set of set classes whose representatives have
cardinality M, where M is conventionally a positive integer; k is used in the sequel, since the integer variable label is
obvioudly arbitrary.

2 As Fripertinger notes the Abelian group isimplied but not the same as this construct. This paper will use the looser
style to avoid an overburdening of notation.



[1.4] Itisleft to formally describe the equivalence relation with respect to which set classes are
constructed. The exposition here is somewhat mathematical; the casual reader isreferred to
Morris[5] for alighter introduction. The permutation operators of transposition T and inversion |
are generators® for a permutation group which acts on Z,.. The standard group generated by
transposition and inversion < T, | >, being the dihedral group Dy, isthe usual case for pitch class
analysis. Forte'slist of set classesiswith respect to transposition and inversion; the acting group
is D12. Permutation under the action of a group defines the equivalence relation from which the
classes must be generated. In mathematical parlance, the action of the permutation group
generates orbits; an orbit is simply an equivalence class. The agorithms discussed below should
cope with any valid equivalence relation, so have utility to help construct any desired set of set
class representatives in pitch class mathematics.

[1.5] An exhaustive search approach was aready mentioned as the straight forward but
impractically slow method to generate set class representatives. Fripertinger treats the problem of
generating representatives by utilizing Read’ s Orderly Algorithm [6], an approach from the
mainstream of combinatorial mathematics. He aso notes that the step of testing a candidate pc
set for canonicity (whether it is arepresentative) can have shortcuts based on the permutation
subgroup in question. When that subgroup is< T, | >, asin standard music theoretic work, there
areonly 2n possibilities for the representative anyway, allowing a simple method of creating the
class and checking against its prime form. Fripertinger acknowledges the difficulties of set class
generation for larger n; for large spaces, he recommends probabilistic sampling of representatives.

[1.6] Read’s Orderly Algorithm [6] is ageneral method for exhaustively generating equivalence
classes without any backtracking through that same list,* when certain conditions are met. The
construction can be adapted to the combinatoria objects of pitch class analysisin asimilar way to
Read’ s treatment of digraphs, using the schema of ‘ageneral problem’ on page 112. Let S be the
set of dimension n vectors with elements O or 1; members of S can beimagined as characteristic
function vectors across Z,. The characteristic vector formis further discussed in the next section.
To temporarily relate the notation of Read’s paper to that within this, Read's §; will be those vectors
where the sum of elementsis g, i.e. g-chords. The equivalence classes are Read'slists ¢ of g-sets. In
Read' s method, the representatives of a certain cardinality are generated from those of cardindity
of size oneless, o an iterative process produces the equivalence classes of aspace, thet is, ¢+1iS
generated from 4. The production of (g+1)-sets requires the g-setsto be created first. This places
restrictions on getting directly at objects of interest, particularly where the combinatorial explosion
in the number of objects means that many intermediate objects must be generated prior to those
sought. Because pitch classes yield to a simple binary number coding, and some leveraging of that
representation allows improvements on Read’ s methods for the particular case of interest to music
theorists, an aternative agorithm can be created which can more directly produce the g-setsin any
given n-space.

[1.7] The remaining sections of this paper work to outline this algorithm. In section 2 a natural
binary coding in common use in computational work with pitch class sets is described. In section
3 pseudocode and rationale for the algorithm is provided.

3 These are not the only possible generators. Consider Fripertinger’s quart-circle symmetry Q (multiplier coprimeto n),
also called M in the literature [5].

* Recall that in the naive approach, one tests the next candidate against all existing representatives in the list, which
can be very time consuming.



